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Theories of proximity effect in layered superconductor–normal-metal �SN� structures usually deal with a
hypothetic normal metal with no direct repulsive interaction between electrons and with finite temperatures
often close to the superconductor critical temperature. We present an asymptotic solution of the Gor’kov
equations in the opposite low-temperature limit for a clean normal metal with a repulsive interaction between
electrons. The order parameter in the metal exhibits a power-law decay, ��x��� /x, as a function of the distance
from the SN boundary, x, with a proximity length � strongly depending on the repulsive interaction.
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In recent years investigations of different superconductor–
normal-metal �SN� structures1 have gone through a vig-
orous revival. In particular, superconductor-ferromagnet
structures,2–6 cuprate junctions,7–9 and mesoscopic SN
structures10–13 have been experimentally studied and ad-
dressed theoretically.

The superconducting order parameter penetrates into a
bulk normal metal across the SN boundary. The microscopic
theory of this proximity effect has been developed at finite
temperatures �for reviews see Refs. 14 and 15�, using the
Eilenberger formalism16 and the semiclassical Usadel
approximation17 for solving the Gor’kov equations18 close to
and below Tc, in particular in the dirty limit.19,20 The clean
case has been studied for a hypothetic normal metal with no
interaction between electrons,21,22 and for a “normal” metal
with a weak attractive interaction and reduced critical
temperature.8,23,24 Reference 24 numerically calculated a de-
cay of the order parameter also in a single particular case of
a repulsive interaction at finite temperatures. An exponential
decay of ��x��exp�−x /��, as a function of the distance x
from the SN boundary, has been found with the proximity
length ��1 /T in the clean limit, and ��1 /�T in the dirty
limit.1,14,15,20 Extensive theoretical investigations of the prox-
imity effect have been performed using numerical methods
to solve self-consistently the Bogoliubov–de Gennes equa-
tions in clean ferromagnet-superconductor structures with an
exchange interaction.4 It was shown that for low tempera-
tures the pair amplitude in the normal metal decays approxi-
mately as the inverse of the distance from the interface.

To the best of our knowledge a role of the direct repulsive
interaction in the normal clean metal at low temperatures has
not been addressed, while its effect on the proximity length
and the Josephson current has been found only marginal in
the dirty case.19 Here we present an asymptotic solution of
the Gor’kov equations for the SN boundary between a bulk
superconductor and a bulk clean normal metal with the re-
pulsion between electrons at low temperatures.

It is convenient to Fourier transform the Matsubara nor-
mal, G��r−r� ,x ,x��, and anomalous, F�

+�r−r� ,x ,x��,
Green’s functions �GFs� along the boundary, r= �y ,z� with
the wave vector k= �ky ,kz�,

G��r − r�,x,x�� = �2��−2� dkG�,k�x,x��exp�ik · �r − r��� ,

F�
+�r − r�,x,x�� = �2��−2� dkF�,k

+ �x,x��exp�ik · �r − r��� .

The Gor’kov equations are derived using equations of mo-
tion for the Matsubara operators as

1

2m
	a2 +

�2

�x2
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+ �x,x�� = ��x − x�� ,

�1�
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2m
	a�2 +

�2

�x2
F�,k
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2m
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F−�,k
+� �x,x�� − ��x��G�,k�x,x�� = 0. �4�

Here m ,kF are the electron effective mass and the Fermi
momentum, respectively, which are taken the same in the
superconductor and in the normal metal for mathematical
transparency, a2=2m�i�−�k� with �k= �k2−kF

2� /2m and a
=sign����m�	+�k�+ i�m�	−�k�, 	� +��2+�k

2, �=2�T
�n+1 /2� is the Matsubara frequency �n=0, 
1, 
2, . . .�.
We use �=kB=1 here and below, and F−�,k

+� �x ,x��
=F�,k�x ,x��. The superconducting order parameter

��x� � − V�x�T�2��−2�
�
� dkF�,k�x,x� �5�

is a solution of an integral equation,

��x� = − V�x��
−�

�

dx�G−�,k
�0� �x,x����x��G�,k�x,x�� , �6�

where V�x� is the electron-electron contact interaction, which
is negative �attractive� in the superconductor at x0, and
positive �repulsive� in the normal metal, V�x��Vc�0, at x
�0 �Fig. 1�. The GF of a bulk normal metal is
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G�,k
�0� �x,x�� =

m

ia
exp�iax − x�� . �7�

The Gor’kov equations are supplemented by the boundary
conditions, ��−����s, ����=0, and all GFs should be con-
tinuous with respect to x ,x� together with their first deriva-
tives at the boundary x=0 or x�=0.

To solve the integrodifferential system of Eqs. �1�–�6� let
us assume that the repulsive interaction in the normal metal
significantly reduces the order parameter, so that the latter is
small, ��x���s, far away from the boundary at x��, where
the proximity length � is small compared with the supercon-
ductor coherence length, �s, ���s. That allows us to use in
Eq. �6� a solution, G�,k�x� ,x��G�,k

st �x� ,x� of the Gor’kov
Eqs. �1�–�4� with a steplike order parameter ��x�=�s��−x�,
where ��x� is the Heaviside step function. This solution can
be readily obtained by matching GFs and their derivatives at
the boundaries between four domains: a superconductor do-
main S, where both arguments are negative x ,x�0, two
mixed domains M with x0x� or x�0x, and a normal
domain N, where x ,x��0 �Fig. 2�.

In the normal domain the solution is found as �see also
Refs. 21 and 23�

G�,k
stN�x,x�� = G�,k

�0� �x,x�� + Aeia�x+x��, �8�

F�,k
+stN�x,x�� = Bei�ax�−a�x�, �9�

and in one of the mixed domains, x�0x, as

G�,k
stM�x,x�� = C

2m�s

�b2 − a2�
ei�ax−bx�� + D

2m�s

�b�2 − a2�
ei�ax+b�x��,

�10�

F�,k
+stM�x,x�� = C�ei�b�x�−a�x� + D�e−i�bx�+a�x�, �11�

where A ,B ,C, and D are constants and b2=2m�i�−�k�, Ib
�0, �=��2+�s

2. The constants are found from

G�,k
stN�x,0� = G�,k

stM�x,0� ,

F�,k
+stN�x,0� = F�,k

+stM�x,0�

and from

�

�x�
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�x�
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stM�x,x�� ,

�

�x�
F�,k

+stN�x,x�� = �

�x�
F�,k
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at x�=0.
In particular we find

A =
m

ia
�2a��a� + b���� + �� + �a� − b��� − ���

a + b2�� + �� + a − b�2�� − ��
− 1� ,

�12�

and

B = 2m�s
b + b�

a + b2�� + �� + a − b�2�� − ��
. �13�

Integrating over the normal region, x��0 in Eq. �6� one
can keep only the first “normal” term of Eq. �8� at suffi-
ciently large x��, while integrating over the superconductor
region, x�0, one can use directly Eq. �9� and the definition
of ��x�, Eq. �5� to obtain

�̃�x� = − VcTm�
�
� dk

�2��2

��ue−2xIa +
m

a2�0

�

dx��̃�x��e−2x−x�Ia� , �14�

where �̃=��x� /�s is the reduced order parameter in the nor-
mal metal, and u=B /m�s.

At finite temperatures and x�vF / �2�T� the main contri-
bution to the Matsubara sum in Eq. �14� comes from the n
=0 term, so that the order parameter has the conventional
exponential asymptotic, ��x��exp�−2�Tx /vF�, where vF
=kF /m is the Fermi velocity. At sufficiently low and zero
temperatures one has x�vF / �2�T� for any size of the nor-
mal region, so that the exponential asymptotic is replaced by
some power decay.25 To find the power we replace the Mat-
subara sum by an integral over �, and integrating over mo-
mentum and frequency in Eq. �14�, we obtain an integral

equation for the reduced order parameter, �̃�x�=��x� /�s,

0 x

∆(x)

∆s

S N

FIG. 1. �Color online� The order-parameter profile near the
boundary between a superconductor �S� and a normal metal �N�
with the repulsive electron-electron interaction.

M N

S M

x

X`

FIG. 2. �Color online� Four domains with different solutions for
GFs with the steplike order parameter ��x�=�s��−x�.
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�s

x
+ �

0

�

dx�
�̃�x��

x� − x
= −

�̃�x�
�c

, �15�

where �c=VcmkF /4�2 is the repulsion pseudopotential, and
�s=vF /2�s. One can satisfy Eq. �15� with a solution decay-
ing as inverse distance from the boundary,

�̃�x� = − �/x . �16�

Substituting Eq. �16� into Eq. �15� yields

�̃ =
�c

1 + �c�
0

�

dt/tt − 1
, �17�

where �̃=� /�s is the dimensionless proximity length.
The logarithmic divergency of the integral in Eq. �17� is

an artifact of the step-function approximation �Eqs. �8� and
�9��. We cut the divergency by excluding small regions, t
 tmin�1 and t−1 tmin from the integral, where the step-

function approximation fails because �̃�x� becomes rela-

tively large. We chose tmin= �̃ since �̃ is the only dimension-
less parameter in the normal region which corresponds to the
cutoff of the integral over x� in Eq. �15� at a cutoff length

x�� lmin= �̃x, proportional to x. The result is a transcendental

equation for �̃,

�̃ =
�c

1 − 3�c ln��̃�
. �18�

The proximity length is shown in Fig. 3 as a function of the
repulsion �c. It strongly depends on the repulsion with a

maximum value �̃max�0.22 at �c=�.26 The magnitude of �̃
is small at any �c, which justifies our step-function approxi-
mation �Eqs. �8� and �9�� for solving the problem.

To verify the self-consistency of the approximation one
can estimate the correction, �G�,k�x ,x��, to GF �Eq. �8�� due
to the finite order parameter in the normal region; at large
x ,x��0,

�G�,k�x,x�� = − �
0

�

dx�G�,k
�0� �x,x����x��F�,k

+stN�x�,x�� .

�19�

Using Eqs. �9� and �16� one obtains �G�,k�x ,x��
��̃ ln�x / lmin�, which is small as �̃ ln�1 / �̃��1 at any x with

our choice of the cutoff length, lmin= �̃x. Another possible
choice of the cutoff length lmin=� does not change the order

parameter in a wide region �sx�s / �̃ because the singu-
larity is logarithmically weak. We note that the order param-
eter becomes so small at very large distance from the bound-
ary, that a mean-field approximation used in Eqs. �1�–�4�
may break down.27

While the order parameter saturates at a small value for
any fixed x in the normal region, the pair wave function,
F�,k

N �x ,x��, decreases as 1 /�c at large repulsion. At first
glance the existence of finite pair correlations in the repul-
sive normal metal looks surprising because it leads to a finite
increase in the repulsive potential energy of the whole SN
system. In particular, an individual real-space pair of elec-
trons bound by some attractive potential on one side of the
boundary would stay at an infinite distance from the bound-
ary with the repulsive interaction �zero proximity effect�.
However, the electron-density homogeneity in metals creates
a quantum pressure on pairs pushing them across the bound-
ary. The reason for the failure of the pair wave function to
die off is that there is simply no pair-breaking mechanism for
disrupting any correlation that drift across the boundary as in
the case of a hypothetical normal metal with no interaction.21

With the power-law order parameter, ��x��1 /x, an increase
in the potential energy proportional to �2�x� is finite when it
is integrated over the whole normal region. Compared with
the steplike order parameter this increase is compensated by
a lowering of the kinetic energy near the boundary.

It is instrumental to compare the SN proximity effect in
the repulsive normal metal with the effect in a normal metal
with a small attractive potential between electrons at low but
finite temperatures above the transition temperature, Tcn
��Tc�, of the normal metal. Solving Eq. �15� with a negative

�c yields a positive order parameter �̃att�x�=�att /x with the
proximity length,

�att

�s
� �̃att =

�c

1 + 3�cln��̃att�
, �20�

shown in Fig. 3 as the dashed line. With increasing attraction
the proximity length increases linearly as in the case of the

repulsion, but much faster saturating at �̃att�1.2 for the val-
ues of the interaction which are well beyond the step-
function �and BCS� approximations. The power law decay of
the order parameter holds for the region x�vF / �2�T�, but
different from the repulsive case only for finite temperatures,
which are much higher than Tcn and smaller than Tc.

It is also worthwhile to mention that the normal Fermi
liquid with the hard-core repulsion between fermions be-
comes a p-wave28 or a d-wave29 superfluid at very low tem-
peratures �on the millidegrees Kelvin scale� due to the Frie-

FIG. 3. SN proximity length � �in units of the superconductor
coherence length� as a function of the repulsive pseudopotential �c

�solid line� and of the attractive potential �dashed line�.
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del oscillations30 of the particle-particle interaction potential
caused by screening. This unconventional pairing should not
affect our results for the proximity effect with the conven-
tional s-wave superconductor as long as there is no
symmetry-breaking mechanism. On the other hand if such a
mechanism is involved �e.g., the spin-orbit coupling�, the
inhomogeneous s-wave order parameter can generate a sec-
ondary order parameter of another symmetry.31–33 Finally,
the order parameter in a dirty normal metal should also ex-
hibit some power-law decay at temperatures lower than the
Thouless energy, but the power could be different from 1 /x
of the clean metal.20,34

In summary we have solved a long-standing problem of
the low-temperature proximity effect in a clean normal metal
with repulsive interaction between electrons. We have found

the power-law decay of the order parameter with the charac-
teristic proximity length significantly reduced with respect to
the superconductor coherence length by the repulsive inter-
action in the normal metal. Our predictions could be tested
on the SN structures with a paramagnetic clean normal metal
close to the ferromagnetic instability where the Coulomb re-
pulsion is strong enough.
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